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Introduction
The linear combination of atomic orbitals (LCAO) expansion is widely used in molecular orbital (MO) calculations. According to the concept of LCAO approximation, many basis sets, such as the correlation consistent [1, 2] and polarization consistent basis sets [3, 4] , have been proposed. In these basis sets, the Gaussian-type function (GTF) is often used due to the convenience of molecular integral calculations. Since most of the GTF exponents are already determined to obtain the best for the lowest electronic structure of each atom (atomic exponents) which are generally fixed during the variational procedure, only LCAO coefficients are optimized in the conventional MO calculations.
There are, however, some questions as to swhether atomic exponents are appropriate for the molecular calculation or the exponent values should be modified for various bonding characters. Some attempts for these questions have been employed by directly optimizing the exponents in molecules (molecular exponents) including first-row elements [5, 6] . Recently, a detailed description of the exponent values has been reported for the excited states of hydrogen molecule with full-CI wave function [7] . However, the molecular exponents of different bonding characters such as sp 3 -, sp 2 -, and sp-type hybrids have not been systematically determined, yet. It is expected that the calculation using adequate exponents for each hybrid state will enable us to obtain precise molecular properties.
Nowadays, due to the rapid progress of computational techniques and new methodology, theoretical analysis for the function of biological molecules is one of the most important subjects, via ab initio MO calculation. For example, the fragment molecular orbital (FMO) method [8] has theoretically made it possible to calculate large molecules, such as DNA or protein. In the FMO method a large molecule is divided into small fragments, where the total energy and total physical properties are estimated from the fragments' and fragment pairs' MOs. For the improvement of physical properties, the optimum molecular exponents with a few basis functions for each fragment or fragment pair are expected to show the power for larger molecules. Before the optimization of molecular exponents for the large molecular systems, we should determine the characteristics and optimum molecular exponents for small molecules as the first step of the various hybrid states based on the comparison with the atomic exponents.
In this paper, we optimized the exponent values in GTF for several hybrid states of hydrocarbon molecules in order to elucidate the adequate molecular exponents. Methane and ethane, ethylene and benzene, and acetylene are used to express sp 3 -, sp 2 , and sp-hybrid states, respectively. The populations of GTFs and geometrical parameters induced by the difference of hybrid-states are also analyzed in these molecules. In order to show the efficiency of our method, we also compare the results with some high quality basis sets at Hartree-Fock level of calculation.
Method
The µth Cartesian GTF (CGTF) is represented as follows:
where N(α µ ) is a normalization factor. α µ and R µ ={X µ , Y µ , Z µ } are GTF exponent and coordinate of GTF center, respectively. We denote all optimized parameters of α µ and R µ as Ω. All GTF centers were fixed on each nucleus through this paper.
The energy gradient with respect to Ω is expressed as follows,
where f i is the occupation number of the ith molecular orbital, S i j Ω , h i j Ω , and (ij|kl) Ω are each derivative of the overlap, the one-electron, and the two-electron integral, ε i j is the Lagrangian matrix, and a i j and b i j are the coupling constants of Coulomb (ii|jj) Ω and exchange (ij|ji) Ω integrals, respectively.
The gradient calculus of CGTF with respect to exponent is expressed as follows,
We note that the first term of equation (3) has completely vanished under the Hartree-Fock condition.
Computational Procedure
We have employed the partial and fully optimization for the GTF exponents and the geometrical parameters, i.e., nuclear position, at Hartree-Fock level. We abbreviate the calculations of geometry optimization as G-OPT and both geometry and GTF exponents optimizations as EG-OPT, respectively. We have performed G-OPT and EG-OPT for methane, ethane, ethylene, acetylene, and benzene molecules, under T d , D 3h , D 2h , D ∞h , and D 6h symmetry restrictions, respectively. The initial values of the exponents are taken from [9s5p] GTFs for carbon [9] and [4s] for hydrogen [10] , where the basis set of hydrogen is scaled by the conventional universal factor of 1.2.
Since the optimization of variational parameters is carried out in a multidimensional hyperenergy surface, we encounter the problem of multiple energy minima. We have checked by using different initial parameters for the GTF exponents, and have obtained the same result in most cases.
Results and Discussion

Populations by G-OPT
First, the conventional atomic basis sets are used for various hydrocarbon molecules. Table 1 summarizes the initial exponent values and electronic population for methane, ethane, ethylene, acetylene, and benzene molecules by G-OPT. In order to discuss the change of population, the sum of populations for s-type GTFs between χ 1s and χ 7s (sum(χ 1s -χ 7s )), s-type GTFs χ 8s and χ 9s (sum(χ 8s -χ 9s )), p-type GTFs (sum(χ 1p -χ 5p )) on carbon, and s-type GTFs (sum(χ 1s -χ 4s )) on hydrogen are also summarized in Table 1 . The sum(χ 1s -χ 7s ) on carbon has almost the same values among each molecule, since these GTFs are used to express the 1s core orbital. Contrary to them, sum(χ 8s -χ 9s ) and the populations of two small exponents (χ 4p and χ 5p ) of the p-type GTFs are different to express the different hybrid orbitals. We have also obtained a different population for the smallest exponent (χ 4s ) of the s-type GTFs on hydrogen. We note that the conventional MO method describes the molecular orbital by optimizing only LCAO coefficients. It is expected to express more flexible molecular orbital by optimizing the exponent values, as well as LCAO coefficients.
Optimized molecular exponents by EG-OPT
In order to determine the adequate molecular exponents for each hybrid character, we have performed EG-OPT for methane, ethane, ethylene, acetylene, and benzene molecules, respectively. Figure 1 It is interesting to see that the scale factors for p-type GTFs on methane and ethane which have no π orbitals are more than 1.2. That is, the molecular exponents of p-type GTFs on sp 3 -hybrid character are larger than the atomic ones. Contrary to the sp 3 -hybrid character case, the molecular exponents of p-type GTFs in ethylene and acetylene are smaller than the atomic ones, while those of benzene are a little larger than the atomic ones. The electronic population of s-type GTFs of carbon and hydrogen are almost the same among each molecule. The p-type GTFs of carbon (especially χ 3p and χ 5p ), however, show drastic difference. For example, the populations of the χ 3p for ethylene and acetylene having small scale factor are large, while those for methane, ethane, and benzene become small. To clearly explore the difference of molecular exponent for p-type GTFs between sp 3 -, and sp 2 -(or sp-) hybrid characters, we have optimized the exponent values of p x , p y , and p z , individually, using "uncontracted" ptype GTF basis sets, abbreviated by EG-OPT(U). The scale factor (lower panel) and population (upper panel) of ethane, ethylene, and acetylene calculated by EG-OPT(U) is shown in Figure 2 . Here, we fix C atoms on x-axis and H atoms of ethylene on xy-plane. Figure 2 indicates that the scale factors of p x , p y , and p z for ethane molecule are about 1.2 and the molecular exponents of GTFs for σ bond, e.g., p x and p y GTFs on ethylene and p x GTFs on acetylene, are larger than the corresponding atomic ones. Contrary to σ bond case, the molecular exponents of GTFs for π bond, e.g., p z GTFs on ethylene and p y and p z GTFs on acetylene, are almost the same or smaller than atomic ones. The difference of exponent values of p-type GTFs among sp 3 -hybrid characters, and sp 2 -and sp-ones for EG-OPT is owing to the difference of the existences of σ and π bonds. Our results clearly show the importance of scaling factor of 1.2 for carbon ptype GTF in sp 3 -hybrid as well as for hydrogen, although the conventional basis sets are scaled 1.2 for hydrogen only.
Taking notice of the scale factor on hydrogen (see Figure 1) , the molecular exponents of s-type GTFs between χ 1s and χ 4s on methane and χ 4s on ethane and benzene are slightly smaller than the corresponding ones on ethylene and acetylene. As the molecular exponent of ptype GTFs on carbon becomes larger, the molecular exponent of s-type GTFs on hydrogen tends to be smaller. The exponent optimization of GTFs shows the importance of s-type GTFs on hydrogen in the expression of the molecular orbitals.
Comparison of total energies, deviation
of virial ratios, and geometrical parameters by G-OPT and EG-OPT Table 2 shows the optimized geometrical parameters, total energies, and deviation of virial ratios by G-OPT and EG-OPT. Here, we note that the virial ratio consists of kinetic energy ( T ) of electrons and potential energy ( V ). If the GTF exponents are optimized as well as the LCAO coefficients, such a quantum-mechanically Virial theorem is always satisfied. The deviations of virial ratio of EG-OPT and EG-OPT(U) are also close to 0. In addition, the total energies of EG-OPT and EG-OPT(U) are improved compared to G-OPT due to the expansion of variational space. We performed the conventional MO calculation using the various high quality basis sets in order to show the efficiency of results of EG-OPT. The total energies and optimized geometrical parameters of 6-311G [11] , 6-311G(d) [11] , 6-311G(3df,3pd) [11] , ccpVDZ [1] , and cc-pVTZ [1] are also shown in Table 2 .
The total energies of EG-OPT are slightly smaller than those of 6-311G. Almost all geometrical parameters of EG-OPT are close to the results using the cc-pVTZ. The basis set using the optimized molecular exponent enables us to describe the molecular energy and structures as well as the conventional high quality basis set.
Taking notice of the C-H bond length by the EG-OPT, as the C-H bond lengths become long, the molecular exponent values of χ 4s on hydrogen tend to decrease, in order of acetylene, ethylene, benzene, methane, and ethane (see Figure 1) . We have found the relationship between the molecular exponent and C-H bond length because the short C-H bond length requires the large exponent.
Conclusions
We have simultaneously optimized the molecular exponent and geometry of hydrocarbon molecules, methane, ethane, ethylene, acetylene, and benzene, in order to elucidate the adequate basis set for sp 3 -, sp 2 -, and sp-hybrid characters. We have found the different optimum molecular exponent of carbon on each hybrid character, sp 3 , sp 2 , and sp. Our results suggest that it is better to scale 1.2 not only for hydrogen s-type GTFs but also carbon p-type GTFs in sp 3 -hybrid. The difference of σ and π bonds in C-C enables us to describe flexibly due to the optimization of uncontracted p-type GTFs. We also found that detailed analysis concerning the chemical bond region is possible by the change of molecular exponents. The larger population of s-type GTFs on hydrogen of all molecules obtained by EG-OPT than that by G-OPT shows the importance of these GTFs for the expression of the molecular orbitals.
The basis set based on the optimized molecular exponents clearly shows reasonable pictures about the total energy and geometrical parameters in comparison with the results using the high quality basis sets. This study is a first step to extend the optimizations of geometry and GTF exponents for large molecules.
